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IIpo cTpykTypy Marpuib HaJ 00/1acTio
rOJIOBHUX ifeaJtiB BiJHOCHO
ImepeTBOPEHHH TIOAiIOHOCTI

Bonogumup IIpokin

Abstract.  The structure of matrices over a domain of principal ideals
with respect to similarity transformations is investigated. The article con-
sists of four chapters. In the second section supporting results are presented.
In particular, we construct the triangular form of the matrix with respect
to the similarity transformation for the case when its minimal polynomial
decomposes into the product of different linear factors. In Section 3 it is
proved that the Hessenberg form of a matrix A with an irreducible minimal
quadratic polynomial m(A) is a block triangular matrix with blocks of di-
mensional 2 X 2 with characteristic polynomials m(\) on the main diagonal.
In the fourth section it is proved that a matrix A with the minimal polyno-
mial m(A\) = (A — a)(A — B), a # B, is similar to the lower block-triangular
matrix, the diagonal blocks of which are diagonal matrices with elements « i
[ on the main diagonals respectively. As a result of this the canonical form
of involutory matrices over the ring of integers with respect to similarity
transformations is established.

Amnoraris. B crarTi mocmiKyeThest CTPyKTypa MATPUIlh HAJ, 00JIACTIO TO-
JIOBHMX i/1eaJjIiB BiJHOCHO TiepeTBOpeHHs 1o/1ibHocTi. B npyromy posmiai na-
BEJIEHO JIONIOMiXKHI pe3ysipraru. B npomy po3zini BKa3aHO TpUKYTHY dOpMy
MAaTPUIl BiIHOCHO TIEPETBOPEHHS TMOMIOHOCTI, MiHIMATHLHUI MHOTOUIEH STKOT
PO3KJIAIAETHCA B JIOOYTOK Pi3HUX JIHIHHUX MHOXKHUKIB. B posmiai 3 moseme-
HO, 1m0 popma Xeccerbepra MaTpuili A 3 HE3BIIHUM MiHIMAJIBHUM KBaJpa-
TUYIHAM MHOTOYICHOM mM,(A) € GJIOIHO-TPUKYTHA MATPHIA 3 GJIOKAME BUMID-
HOCTi 2 X 2 Ha TOJIOBHI JllarOHAJI Ta 3 XapaKTePUCTUIHUMHU MHOTOYJIEHAMU
m(A). Y gerBepTOMy PO3JILJI JIOBEIEHO, IO MaTpulist A i3 MiHIMAIBLHUM MHO-
routeroM m(A) = (A—a)(A—f), @ # [ noxnibua HuxHii 6109HO-TPUKY THI
MATPHIL, JJiaroHaJILHIMEI OJIOKAMU SKOI € JIiaroHaJIbHI MATPUIL 3 eJIeMEeHTaMU
« 1  Ha TOJIOBHUX JTiaroHAJISIX BiIMOBIIHO. fIK HAC/IIOK BKA3aHO KAHOHIYHY
dopMy IHBOTIOTUBHOI MATPUIN HAJT KiBIEM IIIJINX IUCEJ BiTHOCHO TEPETBO-
peHb MOMIOHOCTI.
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1. Bcryn

Hexait R — obaacrs rojopHux imeasis 3 omununeo e # 0. ITosmaun-
MO: My, n(R) — MHOXKEHA (M X n)-marpuns Hax R; [, — onuauIHA N X N-
marpungd; Oy ,, — HyapoBa n X m Marpung i O — HyJIpOBa MATPHUILH, BU-
MipHICTh KOl BU3HAYATHUMETbC 3 KOoHTeKcTy. Hazami wepe3 a(A) mosma-
JaTUMEMO XapaKTepucTudHuii muorounen marpuuni A € M, ,(R), To6ro
a(\) = det(I,A — A), a gepez m(\) 11 miniMaIbHUI MHOrOUJIEH.

Kaxyrs, mo marpuni A, B € M, ,(R) mozi6ui, skmo icaye marpuis
T € GL(n,K) raxa, mo TAT~! = B. CTpyKkTypa MaTpuIb HaJ TOJEM
BIJTHOCHO MepeTBOpeHb MOAIOHOCTI omucana HOBHICTIO, quB. [16, 3, 6, 12].
IIpore 3aj1aua mpo onmMCcaHHsS CTPYKTYPH MATPHIIL BiITHOCHO IEPETBOPEHD
TOAIOHOCTI IIPH Iepexoi /10 JOBIILHOTO KOMYTATHBHOIO KIJIBITA 3 OUHUIICIO
BHATHO yCKJIATHIOETHCS. B 6ibIIocTi BUMIAAKIB I 3aa9a BKJIIOYAE B cebe
KJIACHYIHY HEPO3B’sI3HY 3a7a9y PO KAHOHIYHY (POPMY HapU MaTPHUIL HAJT
IOJIEM BiJIHOCHO TlepeTBOpeHHs nojibHocti, [18, 15, 26]. Ha manuii gac Taxi
3ajadi Ha3UBaIOTH JuKkuMH, [19, 20].

Hocaimxennsa monibHOCTI MaTpUIlb HAJ KiIbIIAMHU OyJin i € B IIEHTPi yBa-
ru 6ararbox MareMaTuKiB. MoKHa CTBED/KYBATH, IO 337494 IIPO OO~
HICTh MaTPHITh HAJ KiJbIEM IIJIMX YHUCEN BIEPIIE JOCTIIKYBaJIACh B CTATTI
K. Jlarimepa i K. K. Maknaddi [10]. [Tounnarouu 3 60-x pokiB MUHYIIOTO
CTOJIITTA 3aJa9a PO MOAIOHICTL MATPUIH HAJ KOMYTATUBHUMU KiJIBI[SIMU
MOCJTIKYEThCS B POOOTAX K BITUYMBHAHUX TaK 1 3aKOPIOHHUX MaTEMaTHU-
kiB. Cepesn Hux Biggaadumo poboru O. Tayccki [13], 1. A. Cynpysenka [26],
B. P. Makgonansaa [11], A. A. Heaaesa [21|, P. M. I'ypanbuuka [7] Ta in.

Ha nanuit wac Teopid mpo onmcaHHd CTPYKTYPU MATPUIL HAJ KOMYyTa-
TUBHUMU KIJTBISIMU, 9Ki HE € TT0JIEM, BiHOCHO IEepeTBOPEHD MOIIOHOCTI ga-
JIeKa JI0 CBOTO 3aBepIiieHHs. BiIbITicTh J0CTiIKeHb, siKi CTOCYIOThCS 3a/1ati
Ipo TOMiOHICTE MATPUILh HAJ, KiJIbISIMU, PO3TVIAIAIUCT TPU TUX UM 1HITUX
obMexkeHHsIX Ha Kisibie [5, 9, 11|, na nopsaok marpuni [17, 25, 1, 4], a6o
Ha 1T XapakTepucTuIHuil MHOTOUWIeH [22, 24]. Orisiy OKpeMux pe3yJsIbrarTis,
AKi CTOCYIOTbCA MOAIOHOCTI MaTPHUIh HaJ KOMYTATUBHUME KiJbISMU HaBE-
neno B MoHorpadisx [3, 6, 12]. IIpore kanoniuHuX HOPM MATPHIL MO0
[IEPETBOPEHHS MTOAIOHOCTI B IUX POOOTAX HE BCTAHOBJIEHO.

B pobGori [22] BkazaHo yMOBH, 3a SKUX MATPHI HaJ 00JIACTIO TOJIOB-
HUX iIeaJTiB 3 MiHIMAJIbHUM KBaJIPATUIHIM MHOTOWIEHOM IEPETBOPEHHIMU
O/IiIOHOCTI TPUBOAATHCS JI0 JiaroHaJbHOrO Burysay. lama pobora € mpo-
JOBXKEHHSIM IUX JIOCTIJIZKeHb. B npyroMmy po3;iijii HaBeJIeHO JIOIOMIiXKHI pe-
3yJbTaT. 30KPEMA, B TBEP/KEHHI 2.3 BKA3aHO TPUKYTHY (DOPMY JIJIs MAT-
pHUIlh, MiHIMAJBHINA MHOTOWIEH SIKMX PO3KJIAIAETHCA B J00YTOK JIHIMHIX
MHOXKHHKIB i HEMag KPaTHUX KOPEHiB, BiHOCHO IEPETBOPEHHS TOMIOHOCTI.
B posmini 3 moeeneno, mo dopma Xeccenbepra marpuini A 3 He3BiIHAM
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miniMambauM Muorowtenom m(A) = A2 + miA + ma € 6J0YHO-TPUKYTHA
MaTpuIild 3 6JJ0KaMu BUMIPHOCTI 2 X 2 Ha TOJIOBHIH JiaroHaJIl Ta 3 XapakTe-
puctuaanmu Muorowrenamu m(A) (Teopema 3.1). ¥V uerBepromy posmimi
JOCTIJIKYETHCA CTPYKTYypPa MATPUIIh i3 MIHIMAJIHGHUM KBaJIPATHIHUM MHO-
roaseroM m(A) = (A — a)(A — ), a # B. OCHOBHUM pe3y/IBTATOM JIAHOI
crarTi € Teopema 4.1. Bona Bcranosmioe, mo marpuiigd A i3 MiHiMaJIbLHAM
MHOTOWIeHOM M () moAi0Ha HUKHIN GJIOTHO-TPUKYTHIH MaTpuUIli, G1oKaMu
SIKO1 € JiaroHaJ bHI MaTpuIl. K HACTIZOK OTPUMAHO, IO [T iHBOJTIOTHBHOL
MATPHUIT HAJT KiJTbIIEM IIJINX YHUCEST TaKa TPUKYTHA MaTPUIlA €IUHA.

2. JIOTIOMI?KHI TBEP/I?KEHH 1

B it wacTuHi HaBemIEMO TBEpIKEHHS, sIKi Oy/IyTh BUKOPUCTAHI IPHU T0-
BeJIEHHI OCHOBHUX PE3Y/JIbTATIB ITi€l CTATTI.
Baypaxkenns 2.1. Hexait m(\) = M + mM\~1 + ... 4+ my € R[\] -
MiHIMAJBHAN MHOTOYJIEH MaTPUIL

A= |:A1 Or,n—r

€ M, n(R),
Ay A2:| a(R)

ne Ay € M, (R), r < n. Toni m(X\) amymoo4anii MEOrOwIeH Marpunb Aj i
As.

) i
Hosenenns. Tak sax A° =1, 1 A* = [fil OTXZT‘
2

TO
m(A) =m ({il OTX;T]> = Op -

Bsincu orpumyemo m(A;) = 0, 1 m(Az) = Op—pp—r, WO 1 JOBOIUTH 3a-
yBasKeHHH. U

} e Beix ¢ = 1,2,...,

Teepmxkenas 2.2. dxwo rapaxmepucmuyhutl MHO204AEH mampuuyi A €
M, »(R) donycrae 306pascenna y suzandi dobymry a(A) = (A — a)b(N), de
a € R, mo das A icnye mampuus U € GL(n,R) maxa, wo

«

UAU ! =
[A21

0 ;4'2'2 O} , de Ay € M, 1,-1(R).

Hosenennsa. Ockinbku I, — A ocobauBa MaTpuiid, To g A icHye Biac-
Huit Bektop U € M »(R), skmii BianoBigae BIacHOMY 3HAYECHHIO (v, TOOTO
uA = ua. Cepen BIacHUX JIIBAX BEKTOPIB, sIKi BiAIOBIa0TH BJIACHOMY 3Ha~
YEHHIO (v, ICHY€ BEKTOpP Uy = [Uol ug2 ... u(m] € M, (R) Takwuit, mo
€JIEMEHTH {um, UQ2y - v uon} B3a€MHO IIpoCTi. BekTop Ty J0mOBHIO-
eTbest 110 06oporHOI Marpury, aus. [12, Corollary I1.1], To6ro ichye maTpurg
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U € GL(n,R), nepmmm psiakoM siKoi € BekTop Tg. Tak sk UA = [ Oéibo ]7

a 0

to UAU ! = [ A A ) 0} . TBepazkeHHs TOBEIEHO. O
21 22

TBepaxkeuus 2.3. Hexatll xapaxmepucmunnutl mro2ouser mampuuyi A €
M, n(R) donycrae s0bpasicerna y suzandi dobymuxy

aN) = (A —a))P (A — )k (N — o), (2.1)

dea; € R ik; >1 0dnsescizi=1,2,...,7r. SAKuwo MiHIMAANOHUT MHO20MAEH
Mampuyi A He Mae Kpamhur Kopenis, mobmo

mA) = A —a)A—az)-- (A —ar),

mo das A ichye mampuuys U € GL(n,R) maka, wo

ol, O ... ... O
UAU_l _ A21 OégIk2 O . O
Arl Ar2 B Ar,’r—l arIkT

Hosenennsi. Hexait xapakrepucruanuit Mmuorouten Mmarpuri A € M, ,(R)
306paxkenuit y Buriisizii 1o0yTKy (2.1). 3rigao TBepzKenHs 2.2 OTPUMYEMO,
o st A icaye marpung U € GL(n, R) Taka, mo

A, O ... .. (0]
-1 A21 AQ O . O
UAU == ’
Arl Ar2 B Ar,r—l Ar
al Q; 0 ... 0
pe Ai € My, (R) = | 20 € My, x,(R) -
Yl Y2 Y-l Y
HUXKHI TPUKYTHI MaTpPUIll 3 eJleMEeHTaMU «(v; Ha TOJIOBHUX JIIarOHAJJAX JIJIs
Bcix i = 1,2,...,r. Ha migcrasi 3ayBazkenms 2.1 orpumyemo m(A;) = O, k-

OcraHHIO PIBHICTH 3aUIIEMO B PO3TOPHYTOMY BUTJISI

(it — Ai) (il — Ai)(qip1 Dy, — Ai) -
T (O‘TI/% —4;) = Ok ki (2'2)

g Beix ¢ = 1,...,7.
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Tak sax A; € My, ,(R) — HmexHi TpuKyTHI MaTpwHIl, TO

Q; — Qg 0 0 e 0

Qg a;—a; 0 - 0
Ai — ajIlw = ) )

O‘};crl,ki O‘;ﬁfl,kiﬂ o — 0

O‘}cl,1 O‘%i,klfz O‘;ci,klfl Qp —

~ HMZKHI TPUKYTHI MaTPHUII 3 €JIEMEHTaMM (v; — (¢; Ha TOJIOBHUX JlaroHassax
s Beix 4, j = 1,2,..., 7. O4eBuaHO, mo [yist BCiX 4 # j marpui (oI, —A;)
€ HeocobymBumu i (oy; 1, ki — A;) — ocobnmBa marpurg. Ha nijcrasi ckazanoro
3 piBaocTi (2.2) BumimBae A; = ol Tak ax 1 <i <r, 10 A; = o1y, st
Bcix ¢ = 1,2,...,r. TBep/KeHHs JTOBEIEHO. |

I3 TBepmKenHAa 2.3 OTPUMYEMO HOCTATHIO YMOBY JIiarOHAJII30BHOCTI MAaT-
puib Haj 00JIACTIO roJoBHUX ineasiB (muB. [23|, macmimok 1) ta axbrep-
HATUBHE JIOBEJICHHS BiJJOMOTO KPUTEPIIO JIIArOHAJII30BHOCTI MATPHIIL HaJT
TIOJIEM.

Hexait A € M, m(R), B € M,,(R), C1,Cy € M, »(R). Bizomo, [8],
o Marpuune piBagaag BX — X A = (4 cymicHe Toxi i TIIBKK TOMl, KOJIK
MAaTPHUITI

A Omp . A O
Mo = [on,m B ] ! M= [Cl B
noxi6ui. Orke, cepen marpuips 1T € GL(m + n, R) rakux, mo T'My = M, T

. T .
icHye HMXKHSI TpUKyTHa Marpuig Ty = [Tl 0?’"}, ne Ty € GL(m,R) i
21 2

T e GL(n, R), Taka, 1mo 1oMy = M Ty.
B [14] mocrasieno nacrynuy rinoresy. Ilpumycrumo, mo mMarpuir

A O . (A O
el R B

noxi6ui. Toxi cepen 3Boporaux marpunp 10 € GL(m + n,R) icaye nuxkus
Tll Omn .

' e T L(m iT:
Ty To | ™ 11 € GL(m,R) i Ty €
GL(n,R), Taka, mo ToM; = MyTy. ko xapakTepucTUIHi MHOTOWICHH
Marpunb A i B B3a€MHO IPOCTI, TO HACTYIIHA JIEMa JOBOAUTE JAHY IiloTe3y
JJIsI MATPUILL HAJ 00JIACTIO TOJIOBHUX 17€aJIiB.

OJIOTHO-TPUKYTHA MaTpulid 1y = [

TBepaxxkenus 2.4. Hexad das mampuyv A € My, »(R), B € M, ,(R),
C1,Cy € My, (R) mampuuyi

A Om,n - A Om,n
Mlz{c,l B] ma Mz—[02 B}
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nodibni. Hxuio rapaxmepucmuuHi mHo2o0useny mampuub A 1 B e3aemmo

npocmi, mo ichye mampuua Ty = [?1 0%””] , de T11 € GL(m,R) i Ty €
21 122

GL(n,R), maxa, wo ToMy = MyTy.
Hoenennsi. Tak ax marpumi M i My nomibHi, To icHye MaTpuiid
Ty T
T, = |11 112
Tor Too
ne Ty € My, m(R) 1 Thy € My, n(R) Taka, mo ToM; = MyTy. Buxkonasmu
MHOXKEeHHsT B 000X JacTHUHAX ITie€l piBHOCTI OTPUMYEMO

TnA+T2Cy Ti2B ATy ATio

} € GL(m +n,R),

(2.3)

To1 A+ T9Cy T2B CoT11 + BToy CoTia + Bl

I3 pisrocti T19B = ATy9 orpumyenmo Tio(IpA— B) = (IpA — A)Tho. Tak sk
XapaKTEePUCTUIHI MHOTOUIeHN MaTpullb A i B B3a€MHO IIPOCTi, TO PIBHICTD

Ti9B = ATy cupasemyuBa Jjmmie y Bunajky, Koau 112 = 0p,,. OTXe,
Ty — HEKHS TPUKYTHa Marpuild, T00T0 119 = Oy, 1 T11 € GL(m,R) Ta
Ty € GL(n,R). TBepmkennst g0Be1eHO. O

3. MATPI/ILH 3 HE3BIZITHUM MIHIMAJIBHUM KBAJIPATUYHUM
MHOT'OYJIEHOM

B niit vacTuHi onuinemMo CTpyKTypy MaTpHIlh 3 HE3BIIHIMU MiHIMaJIbHU-
mu muorowenamu m(A) = A2 + miA + me € R[A] Binnocno nepersopens
noxi6uocti. Bigomo, mo marpuna A € M, ,(R) noxibua auzkuilt TpuxyTHiH
marpuni (dopmi) Xeccenbepra H = [hij]?j:
muB. [12, Theorem III.1]. Huxve Gyue ,Z[O7Be,ZLeHO, o i MaTpumi A 3 He-
3BIJIHUM MIHIMAJBLHUM MHOTOUYJIeHOM M(\) HUXKHs MaTpullg XecceHbepra
€ OJIOYHO-TPUKYTHOIO MATPHUIIEIO 3 OJOKAMU BUMIPHOCTI 2 X 2 Ha IOJIOBHIM
JiaroHasii Ta 3 XapaKTepUCTHYHUMU MHOrOUYIeHaMu M ().

o e hij = 0 nna seix j > i+1,

Teopema 3.1. Hexali A € My ,(R) — mampuysa 3 nessionum minimans-
num mmozouaernom m(X) = A2 +miX +mao € R[A]. Todi:

a) icnye mampuuys T € GL(n,R) maxa, wo

A11 0272 Ce . 0272
piap — |A2r Az 022 o 022 ’ (3.1)
At Are o0 Apr—1 Awk
de Aj; € Ms2(R) mampuui 3 xapaxmepucmusunum mrozouierom m(\)
ons ecix i =1,2,...,k;

6) n = 2k.
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HoBenenns. ko n = 2, To TBep/2KeHHA TeopeMu oueBuaHe. JloBeaemo,
mo B Kinbii M3 3(R) He icHye Marpuie i3 He3BigHEM MiHIMATILHEM KBaJ-
paTudHEM MHOrO4sIeHOM. Ilpumycrumo, mo icaye marpuig Ay € Ms3(R)
3 MiniMaTbEEM HessimHIM MuOrOwTeHOM M(A) = A2 + my X + ma € R[\.
106yTKy a(A) = (A — A1)m(A), ze A1 € R. Ha mincrasi TBepaxenns 2.2 Ta
sayBaxkeHHs 2.1 orpumyemo m (A1) = 0, 10 HEMOXKJINBO, OCKIIBKI m(\) €
HE3BITHUM MHOTOYUICHOM.
Hexait n > 4. Marpumio A 3anuiemMo y BATISA]

aix a2 aiz ... A1n

a a a e a
A= 21 22 23 2n

anpl Ap2 ap3 ... QApp

Taxk sk m(\) € He3BigHUM MHOrOYIEHOM, TO Marpullgd A meperBopeHHs-
. . a 0 ... 0
MU TOMIOHOCTI He MOXKe Oy TH IMPUBEICHA, 10 BULTISILY A 1 , IIe
21 22

Ags € My—1 5—1(R). Ouesuano, mo [alg a3 ... aln] # 01 —1. Marpu-
110 A IepeTBOpeHHsIME IIOMIOHOCTI 6yIeMO IPUBOIUTH IO HUXKHBOI MATPHIIL
Xeccenbepra.

Hexait b2 € R — Haiiblgpmuil CrijibHAA JTIJIBHUK IUX eJeMeHTiB. s
psiaKa [alg aig ... aln} € My n—1(R) icaye marpuig Uy € GL(n—1,R)
(mus. [12], Corollary II.1) Taka, 1o

[alg aiz ... aln] U1 = [512 0 ... 0] .
Otxe, g marpuni T = diag (e, Uy) € GL(n,R) orpumyemo

ail blz 0 PN PN 0
— a (0} (67 a e
T1 1AT1 _ Al — 21 22 23 24 2n

Qpl Op2 Op3 Qpg ... QOpp

Posruisinemo esiemenTu apyroro psiiika {awes, g, ..., a2, } Marpuii Aj.
Aximo aog = oy = -+ - = g, = 0, TO MaTpung A Mae BULJIAL,

A 0252
A= [Am Ay |7

Q21 2
XapaKTepucTHIHIi MHOrowTeH MaTputi A1y i m(Ag) = O.
[Tpunycrumo, 1o He Bei esteMenTr {aos, a4, . . . , A2y, } JIOPIBHIOIOTH HYJIIO.
Hexait nani bog € R — HaitbinbInmit cuinbHuil JiIPHUK 1InX eeMeHTiB. Jla

e Ay = [au bm} i Agg € My_2,—2(R). Brimuo zaysazkenns 2.1 m(\)
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psiIKa, [agg o4 ... agn} € My p—2(R) icaye marpung Uy € GL(n—2,R)
Taka, 1o [Oé23 aoq ... Oégn] Uy = [b23 0o ... 0] .
Orxe, ng marpuni T = diag (I2,Us) € GL(n,R) orpumyemo

ajl b12 0 PN ... 0
. 21 (922 b23 0 ... 0
Ty ATy =As=| B3s1 P32 | B33 B34 .. PBan

ﬁnl /BnQ /6n3 ﬁn4 s Bnn
2 . .
Marpuizo (Ag)* 3amumemMo B pO3rOPHYTOMY BULJIA, (BUJJIUBING TIPU

IIHOMY TIEPINIUil, APYTUN Ta OCTAHHIN PAIKU Ta MEPIINil, IPYTUi Ta TPeTiit
CTOBITYMKH ), TOOTO:

[ a3+ a11b12+ bi2b23 0 ... 0 T
a1b12 Qra2b12
agran+ ag1bia+ Oip2bo3 b23 334 .. bazfBan
Qoo+ a3+ Bazbas
b23331 ba3 532

Bribia+ Bria11+ Brabaz+ | Do s Bnilia - Doig Bnibis
Braca+ Bracr+
L Zizg anﬂzl Zizg ﬂrnﬁﬁ Zizg 5nzﬁzn J

I3 pisuocti m(Az) = 0y, Bummmsae bigbos = 0. Tak ax bz # 0, To
bas = 0. Orxke, misa marpuni Uy = Th'Ty € GL(n, R) 3106yBaemo

all 512 0 e 0
o921 Q99 0 e
A1 Oy
_ 771 _ 11 2,n—2
A =Ur AUt | B3y Bay | Bss ... PBan | = [Am A } ;

5n1 ﬁnZ ﬁn3 s Bnn
o all 612 . . .
ne Ay = ot o € M»(R) i A € My_2,-2(R). Ha mincrasi 3aysa-
21 (22

skennst 2.1 orpumyemo m(A1r) = 02, T06T0 M(\) € XapaKTEePHCTUIHAM
MHOTO'JIEHOM MaTPHILL A11. o

Tak sk n > 41 m(Ag) = O, To Hazaxi Marpuiio Age mepeTBOpeHHIMU
HOAIOHOCTI Oy/IeMO MIPUBOJUTH JO GJIOTHO-TPUKYTHOTO BULJISAJLY . 3acroco-
BYIOUM JI0 MATPHUIll Aos MipKyBaHHSI AHAJOTIYHI TUM, IO Oy/JIU BUKJIAJIEHI
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BHIIE, 38 CKIHYEHHY KiJbKICTh IEPETBOPEHDb IIOAIOHOCTI MaTpuio A mpu-
BegeMo 10 Burasgmy (3.1). OmrouacHo orpumyemo, 1mo n = 2k. Teopemy
JOBEJIEHO. O

4. MATPUL 3 MIHIMAJIbHUM MHOT'OYIEHOM m(A) = (A — a)(A — ),

aF B

Metoio 11pOr0 PO3AiIy € OIUC CTPYKTYpPH MaTpuilb i3 Kinbig M, ,(R)
BiJTHOCHO ITepeTBOPEHb MOIIOHOCTI 3 MiHIMAJILHUMHA MHOTOYIEHAMUI

mA) = (A= a)(A = B),

ge a, 8 € Ria# §. aa maTpuiib Apyroro mopsijaKy HaJ KiJbIeM IIHX
quced Iig 33/1a9a JIOCIII Ky BaIach B poborax [25, 2.

Teopema 4.1. Hexati A € M, ,(R) — mampuysa 3 zapaxmepucmurum
mnozoaenom a(A) = (A —a)*(A = B)"F, dea, B ER, a # B, 1 <k < n.
HAxwo m(A) = (A — a)(A — B) — minimarvrut mruozouaen mampuyi A, mo
das A icnye maxa mampuya T € GL(n,R), wo

TAT ' = Ag = [O‘Ik Okvnk] ,

P 5Infk
de
[, 0 ... ... 0 1
0 ¢ 0 ... 0
o = : . B : : Ol’k_l S Mn_k,k(R),
0 ... 0 ¢i—1 O
0 ... ... 0 @&
i On—k—1 On—k—1,k—1
¢; # 0 (mod (a — B)) daa eciz 1 < j <1 i ¢4|pit1 (diaums) das ecix
i=1,2,...,0—1.
HoBenennsi. Hexait m(\) = (A — a)(A — ) — miniMaibHuil MHOrO4Y/ICH

marpuni A. fdkmo A = 0, (mod (o — 3)), To Ha mixcrasi [22, reopema
2.1], marpuns A noxibua niaronasnbhiit marpuni diag (aly, SI,—).

Axmo x A # 0, (mod (o — f)), To Ha mizcTasi TBepKeHHs 2.3 IS
A icuye marpuns 17 € GL(n, R) Taka, mo

_ I O
TAT; Y = Ay = |8 hnk|
e ! {Am Bln—k
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Ouesnzno, mo Ay € M,,_j ;(R) — menynvoBa marpuns. lus As; icHyrors
marpuri Uy € GL(n — k,R) i Vi € GL(k,R) Taxi, mo

(6 0 ... ... 0
0 b O ... 0
o : ; 0y for
UiAn Vi =B = . : ) : : ' e M, (R
S 0 ... 0 by 0 ok(R)
o ... ... 0 b,
B Onfkfr,r Onfkfr,kfr |

— dopma Cwumita marpuni Asq, T06T0 bj # 0 i bs|bi1 (minmTs) mast Beix
1 =1,2,...,7r — 1. Orxe, nua marpuni Tb = diag (Vl_l, U1) € GL(n,R)
OTPUMYEMO

-1 _ . OéIk O
T2A1T2 = AQ = |: B ,BIn—k;:| .
Cepen enemenTis by, by, . . ., b, BuGepemo Ti, 1yis axkux b; = (a — [)p;, 1e

p; € R. dxmo xk g geakoro 1 < 49 < r BUKOHYETHCS
bi#0 (mod (a— B)),

TO moKJaIeMo p;, = 0. 3a 3amanumu esemenTamu {pi, p2, ..., Pr} M0OYIYy-
€MO MAaTPHUITIO

[(pr 0 ... ... 0
0 P2 0 ce 0
_ . . . . . Or,kfr
P=1 1 oo € My k(R),
0O ... ... 0 »pr
L On—k—r,r ‘ On—k—’r,k—r i

Jlerko mepesipuTu, mo aaa marpumi 13 = { IIID O?_k’k ] € GL(n,R)
- n—k

BUKOHYEThCS HACTYIIHA PIBHICTH

T3A2T3_1 = Ay = [aclk ﬁfi)—k_ )
e
1 O ... ... 0 1
0 Cco 0 PN 0
A A U
“=lo . o o1 0 € Mnik(R)
0o ... ... 0 e
Onfkfr,r Onfkfr,kfr i

npuuomy ¢; = 0, axmo b; = (a— f)p; i ¢; = b;, sxkmo b; # 0 (mod (a— 3)).
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Ockisnbku C' giaronajibHa MaTPUIlHA, TO ICHYIOTH

P, e GL(n —k,R) i P. € GL(k,R) Taxi, mo

B. M. IIpokin

MaTPHIll MEPECTAHOBOK

o1 0 ... ... 0
0 ¢ 0 ... 0
RCP=0=| i + o i ip Deer
0 ... 0 ¢4 0
0 ... ... 0 ¢
i On—k—1,1 On—k—tk—1 |
e ¢; # 0 (mod (o — B)) ana seix j = 1,...,0. OueBnano, mo | < r i
®i|lpit1 (mimre) st Beix i =1,..., 01— 1.
Orxke, yia marpuui Ty = diag ( P!, P, ) € GL(n,R) orpumyemo
_ I Oppe
441314 ] |:(I) 5171—](:
Teopemy moBeeHo. O

Hexait R = Z. Posriignemo 2 X 2 marpuni A = E 8} iB= B g]

-1 0
1 1
WAW™! = B. Orxe, 3a ymoB Teopemu 4.1 maTpurg ® Bu3HAYEHA HEOIHO-
3Hav9HO. Hukve BKaxkeMO 3B’SI30K MiXK TPUKyTHUMHU (POpMaMU, siKi BCTa-
HoBJleHi Teopemoro 4.1, mist marpuni A € M, ,(R) 3 minimanbHEM MHOTO-
wieHoM m(A\) = (A—a)(A—pf), a # (. BayBakuMo, 1110 HABEICHUII IPUKJIAT
HE Y3rOJKY€EThCs 3 |2, TeopeMa 5.2].

[Ipumnycrumo, 1mo 3a ymos teopemu 4.1 g A € M, ,(R) iciye marpuis

V € GL(n,R) taxa, mo VAV ™! = Ay = [afk Ok,nk] e

mang Z. Ona marpumi W = [ } € GL(2,Z) BukonyeTbcsi piBHICTD

v 6Infk
[y O ... ... 0 1
0 ¢ 0 ... 0
U = : Ol’k_l € Mn_k’k(R),
0 0 Y1 O
0 0
i On—k—14 On—k—1k—1 |

1 #0 (mod (a — fB)), ¥i|pit1 s Beix 1 < i <1 —11 V¥ # &. OueBuzHo,
mo marpuli Ag i Ay moxibni, To6To

v

o Bln—k:

adp Ogn—k| _ |0lx Ogp—k
v BIn—k

] W, (4.1)
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ne W € GL(n,R). 3rigno TBepmxkenns 2.4 marpung W Mae Buriis

Wi Okp—k

W =
[Wm Wa

] , ne Wiy € G(k,R) i Wy € G(n—k,R).
Kpim 1poro, i3 pisuocti (4.1) orpumyemo Wo® — UW; = (8 — a)Wo;. La
PIBHICTH OIUCYE 3B’I30K MixK TpUKyTHUMH popmamu Ag 1 Ay, gKi BCTaHOB-
seni Teopemoro 4.1 s marpuni A € My, ,(R) 3 MiHiMaIbHEM MHOrOY/IEHOM
m(\) = A —a)(A— B), a # 5.

Haranaemo, mo marpura A € M, ,(R) HasuBaeTbesa insoatomuenoto,
axmo A2 = I,,. Teopema 4.1 103BOJIHIIA OLMACATH CTPYKTYPY 1HBOJIIOTHBHEX
MAaTPHUIL HAJ KIJIBIEM IIJIUX YUCes BiTHOCHO EePEeTBOPEHHS ITOIiOHOCTI.

Hacmigok 4.2. Hexati a(\) = (A — 1)F(\ + 1)”"“ — rapaxmepucmuuHul
MHozouneN insontomuenol mampuyi A € My n(Z), de 1 < k < n. Todi
icnye T € GL(n,Z) maxa, wo

_ Iy | Ok
TAT ' = A, = AL
" |: Jr | —In—k :| ’
Ir Ok—r

Onfkfr,r Onfkfr,kfr
THBAPIAHMHULT MHONCHUKIS, AKT 30i2atombvea 3 odunuuero, mampuyi A+ I, .
Ipu ywomy mampuuysa A, drs A susHaweHa 00HO3HAYHO.

deJT:{

} € My,_11(Z). Quceno r dopienioe Kinvkocmi

Hosenenns. 3rimuao Teopemu 4.1 myia imBomorusHOI MaTpulli A icHye ma-
It | Oppe

rpung T € GL(n,Z) Taka, mo TAT™! = A, = [Jk kn—k ], e
T —In—k

I, Og—r

Jr = € My k(Z).
" |:0n—k—7",7‘ On—k—r,k—rj| " k’k( )
[Tpunycrumo, mo mius A icaye marpung W € GL(,Z) raka, mo W # T i

_ Iy | Ogn—tk I Ok—1
WAW ™! = A = : : Ji = :
: [ Ji| —In—k } A |:On—k—l,l On—k—l,k—l:|

I <min{k,n —k} il # r, Tobro A; # A,. Tak ax marpuni A; i A, noxi-
6ui, ro marpuni (I, + A4;) i (I, + A;) tex nozibui. OueBuaHO, AKIIO 1B
MAaTpuIl MoaioHi, TO BOHU eKBiBajeHTHI. JIerko rmepekoHaTuCh B TOMY, IO
S; = diag (I;, 2I;—1,0,...,0) 1 S, = diag (I, 2Ix_,0,...,0) — dopmu Cwmira
marpunp (I, + A;) i (I, + A,) Bignosigso. Tak sk [ # r, To dopmu Cwmira
S; 1 5; ve ekBiBasienTHI. OTXKe, IPUIYINEHHS [IPO Te, IO | 7 r € HEBIpHUM.
TumMm caMuM JIOBEJIEHO €IUHICTL MATPUILl A, HJjis iIHBOIIOTUBHOI MaTpuii A.
Yucso r n0OpiBHIOE KiJILKOCTI iHBapiaHTHUX MHOYXKHUKIB, fKi 30iraloTbes 3
omunauneo 1, ¢popmu Cwmira marpumi I, + A,. Haciinox moseneno. [l
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I3 reopemu 4.1 Ta poboru [24] oTprMy€eMO onuCaHHS CTPYKTYPU MATPHILH
JPYTOro MOPSIKY HaJ 00JIACTIO TOJIOBHUX i/eaJsiiB i3 3BiIHUM XapaKTepu-
CTUIHUM MHOTOYJIEHOM BiTHOCHO IEPEeTBOPEHHS MOIIOHOCTI.

Hacnimok 4.3. Hexati A € M3o(R) — mampuysa 3 zapaxmepucmurnum
muozouserom a(N) = (A—a)(A—=L0), de «,B € R. Todi A nodibrna 0ot

13 MAMPUYD:
a) A = [g g,}, akwo a# 1 A=0z2 (mod (o — f3)).

6) Ay = {g g], akwo o # 1 A # 029 (mod (o — f)), a eremenm
r € R naseorcumo waacy svwrie 3a modyasem ideany (o — B)R. Hrxwo
otc mampuus A nodibrha mampuui Ay = g g , de eaemenm T meosic

HANEHCUMD KAGCY AUWKIS 30 ModYysem ideanry (o — B)R, mo ichye obo-
pommit easemenm u € R maxud, wo 7 —ru =0 (mod (a — 3)).

0
B) Az = [?j OJ , axwo a = f. Eaemenm b € R susnauenuti 00Ho3nawHo

3 mownicmio do acoyitiosaHocms.

BayBazkuMmo, 1m0 ymoBa 0) Hacuiaky 4.3 yrounioe |2, Teopema 5.2].
ABTOp BUCJIOBJIIOE MDY BAAIHICTD PEIEH3EHTY 3a yBary 10 JIaHOI CTaTTi
Ta CJIYIIHI 3ayBayKEHHH 1 TOPaJIN.
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