
Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✺ ✽✭✸✲✹✮ ✻✺✕✻✽ dω

❈♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝ r✐♥❣s ♦❢ st❛❜❧❡ r❛♥❣❡ ✷

❖❦s❛♥❛ P✐❤✉r❛✱ ❇♦❤❞❛♥ ❩❛❜❛✈s❦②

❆❜str❛❝t ■t ✐s ❦♥♦✇ t❤❛t ❛ ❧❡❢t q✉❛s✐✲♠♦r♣❤✐❝ r✐♥❣ R ✐s ❛ r✐♥❣ ♦❢ st❛❜❧❡ r❛♥❣❡ ✶

✐❢ ❛♥❞ ♦♥❧② ✐❢ dimR = 0✳ ■♥ t❤✐s ♣❛♣❡r ✐t ✐s s❤♦✇♥ t❤❛t ❛ ❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝

r✐♥❣ R ✐s ❛ r✐♥❣ ♦❢ st❛❜❧❡ r❛♥❣❡ 2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ dimR = 1✳

❑❡②✇♦r❞s ❙t❛❜❧❡ r❛♥❣❡ ✶✱ st❛❜❧❡ r❛♥❣❡ ✷✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮ ✶✺❙✺✵✱ ✶✻❯✽✵

❯❉❑ ✺✶✷✳✺✺✷✳✶✸

■♥tr♦❞✉❝t✐♦♥

■♥ ❤✐s ♣✐♦♥❡❡r✐♥❣ ♣❛♣❡r ❬✸❪ ❑❛♣❧❛♥s❦② ❤❛s r❛✐s❡❞ t❤❡ q✉❡st✐♦♥✿ ■❢ aR = bR ✐♥ ❛

r✐♥❣ R✱ ❛r❡ a ❛♥❞ b ♥❡❝❡ss❛r✐❧② r✐❣❤t ❛ss♦❝✐❛t❡s❄ ❍❡ r❡♠❛r❦❡❞ t❤❛t ❢♦r ❛ ❝♦♠♠✉✲

t❛t✐✈❡ r✐♥❣ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ r✐♥❣s ❛♥❞ ❛rt✐♥✐❛♥ r✐♥❣s✳

❉❡✈❡❧♦♣✐♥❣ t❤❡s❡ ✐❞❡❛s ❈❛♥❢❡❧❧ ❬✷❪ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ s❡t ♦❢

♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s {aiR|i = 1, 2, . . . , n} ✐s ✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞ ✐❢ ✇❤❡♥❡✈❡r aiR = biR

t❤❡r❡ ❡①✐st ❡❧❡♠❡♥ts ui ∈ R s✉❝❤ t❤❛t ai = biui✱ i = 1, 2, . . . , n✱ ❛♥❞ u1R+u2R+

. . .+unR = R✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❞❡♥♦t❡❞ ❜② dimR✱ ✐s t❤❡

❧❡❛st ✐♥t❡❣❡r n s✉❝❤ t❤❛t ❡✈❡r② s❡t ♦❢ n+1 ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s ✐s ✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞✳

■♥ ❬✸❪ ❈❛♥❢❡❧❧ ♦❜t❛✐♥❡❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ F ✲s♣❛❝❡s ✐♥ t❡r♠s

♦❢ t❤❡ r✐♥❣s ♦❢ ❝♦♥t✐♥✉♦✉s r❡❛❧✲✈❛❧✉❡❞ ❛♥❞ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥

t❤❡ s♣❛❝❡✳ ❇② ❡①t❡♥❞✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ✉♥✐q✉❡♥❡ss ♦❢ ❣❡♥❡r❛t♦rs ♦❢ ♣r✐♥❝✐♣❛❧s ❤❡

❣❛✈❡ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ✏n✲❞✐♠❡♥s✐♦♥❛❧✑✳

■♥ ❬✶❪ ❇❛ss ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ st❛❜❧❡ r❛♥❣❡ ❢♦r ❛ r✐♥❣✳ ❆ r✐♥❣ R ✇✐t❤

st❛❜❧❡ r❛♥❣❡ ♦♥❡ ✐s ❜♦t❤ ❧❡❢t ❛♥❞ r✐❣❤t ✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞ ❬✻❪✳ ❚❤❡ ❝♦♥✈❡rs❡ ❞♦❡s



✻✻ P✐❤✉r❛ ❖✳✱ ❩❛❜❛✈s❦② ❇✳

♥♦t ❤♦❧❞ tr✉❡ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡♥ Z ✐s ✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞✳ ■♥❞❡❡❞✱ t❤❡ r✐♥❣ Z ✐s

✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞✱ ❜✉t Z ❞♦❡s ♥♦t ❤❛✈❡ st❛❜❧❡ r❛♥❣❡ ♦♥❡✳ ❚❤❡ st❛❜❧❡ r❛♥❣❡ ♦❢

Z ✐s ❡q✉❛❧ 2 ❬✻❪✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❧❡❢t q✉❛s✐ ♠♦r♣❤✐❝ r✐♥❣ ✇❡ ❤❛✈❡ t❤❛t ♣r♦♣❡rt② ❛ ❧❡❢t ✉♥✐q✉❡❧②

❣❡♥❡r❛t❡❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦♣❡rt② ♦❢ st❛❜❧❡ r❛♥❣❡ ♦♥❡ ❬✺❪✳

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝ r✐♥❣

✇❡ s❡❡ t❤❛t t❤❡ ♣r♦♣❡rt② dimR = 1 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ st❛❜❧❡

r❛♥❣❡ ✷✳

✶ ❘❡s✉❧ts

❆❧❧ ♦✉r r✐♥❣s ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ✇✐t❤ ✐❞❡♥t✐t②✳ ❆ r✐♥❣ R ✐s s❛✐❞ t♦ ❤❛✈❡ st❛❜❧❡ r❛♥❣❡

✷ ✐❢ ❢♦r ❛♥② a, b, c ∈ R s✉❝❤ t❤❛t aR+ bR+cR = R t❤❡r❡ ❡①✐st x, y ∈ R s✉❝❤ t❤❛t

(a + cx)R + (b + cy)R = R ❬✻❪ ✭✐♥ t❤❡ ♥♦t✐♦♥ st.r(R) = 2✮✳ ❲❡ s❛② t❤❛t ❛ r✐♥❣

R ✐s ❛♥ ❛❧♠♦st ❇❛❡r r✐♥❣ ✐❢ ❢♦r ❡❛❝❤ x ∈ R t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t y ∈ R s✉❝❤

t❤❛t Ann(xR) = yR ✇❤❡r❡ Ann(xR) = {z|zxr = 0, r ∈ R}✳ ❇② ❛ ❇❡③♦✉t r✐♥❣ ✇❡

♠❡❛♥ ❛ r✐♥❣ ✐♥ ✇❤✐❝❤ ❛❧❧ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✐❞❡❛❧s ❛r❡ ♣r✐♥❝✐♣❛❧✳ ❚✇♦ r❡❝t❛♥❣✉❧❛r

♠❛tr✐❝❡s A ❛♥❞ B ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡ ❡①✐st ✐♥✈❡rt✐❜❧❡ ♠❛tr✐❝❡s P ❛♥❞ Q ♦❢

❛❞❡q✉❛t❡ s✐③❡ s✉❝❤ t❤❛t B = PAQ✳ ❆ r✐♥❣ R ✐s ❍❡r♠✐t❡ ✐❢ ❡✈❡r② r❡❝t❛♥❣✉❧❛r

♠❛tr✐① A ♦✈❡r R ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ✉♣♣❡r ♦r ❛ ❧♦✈❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ❬✸❪✳ ❆♥②

❍❡r♠✐t❡ r✐♥❣ ✐s ❛ ❇❡③♦✉t r✐♥❣ ❬✷❪✳ ■♥ ❬✻❪ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶ ❆ ❝♦♠♠✉t❛t✐✈❡ ❇❡③♦✉t r✐♥❣ R ✐s ❛♥ ❍❡r♠✐t❡ r✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢

st.r(R) = 2✳

❆ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s ❝❛❧❧❡❞ ❛ ♠♦r♣❤✐❝ r✐♥❣ ✐❢ ❢♦r ❛♥② a ∈ R t❤❡r❡ ✐s ❛♥

✐s♦♠♦r♣❤✐s♠ R/Ra ∼= Ann(a) ❛s ♦❢ R ♠♦❞✉❧❡s✳

❚❤❡♦r❡♠ ✷ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❇❡③♦✉t r✐♥❣ ❛♥❞ dimR = 1✳ ❚❤❡♥ st.r(R) =

2✳

Pr♦♦❢ ▲❡t a, b ∈ R✳ ❙✐♥❝❡ R ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❇❡③♦✉t r✐♥❣✱ aR + bR = dR✱ ❢♦r

s♦♠❡ ❡❧❡♠❡♥t d ∈ R✳ ❚❤❡r❡ ❡①✐st a0, b0 ∈ R ❛♥❞ u, v ∈ R s✉❝❤ t❤❛t a = da0✱

b = db0 ❛♥❞ d = au+ bv = a0ud+ b0vd✳ P✉t q = 1− a0u− b0v✳

❚❤❡♥ dq = 0 ❛♥❞ ❢♦r ❛♥② ❡❧❡♠❡♥ts t1, t2 ∈ R ✇❡ (a0+t1q)d = a✱ (b0+t2q)d = b✳

❲❡ ✇✐❧❧ ❝❤♦♦s❡ t❤❡ ti✱ i = 1, 2✳ ❙♦ t❤❛t t❤❡ ❡❧❡♠❡♥ts a0+t1q = a1 ❛♥❞ b0+t2q = b2

❣❡♥❡r❛t❡ R✳

❚❤❡♥ a1x + b1y = 1 ❢♦r s♦♠❡ ❡❧❡♠❡♥ts x, y ∈ R ❛♥❞ a = a1d✱ b = b1d✳ ❇②

❬✸❪ R ✐s ❛♥ ❍❡r♠✐t❡ r✐♥❣ ❛♥❞ ❜② ❚❤❡♦r❡♠ ✶ ✇❡ ❤❛✈❡ st.r(R) = 2✳ ❚❤❡ t❤❡♦r❡♠ ✐s

♣r♦✈❡❞✳



❈♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝ r✐♥❣s ♦❢ st❛❜❧❡ r❛♥❣❡ ✷ ✻✼

❚❤❡♦r❡♠ ✸ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❛❧♠♦st ❇❛❡r ❇❡③♦✉t r✐♥❣ ♦❢ st❛❜❧❡ r❛♥❣❡

✷✳ ❚❤❡♥ dim(R) = 1✳

Pr♦♦❢ ▲❡t a1R = b1R ❛♥❞ a2R = b2R✳ ❚❤❡♥ a1 = x1b1✱ a2 = x2b2 ❛♥❞ b1 = y1a1✱

b2 = y2a2 ❢♦r s♦♠❡ x1, x2, y1, y2 ∈ R✳ ❚❤❡♥ b1(1 − x1y1) = 0✱ b2(1 − x2y2) = 0

❛♥❞ 1 − x1y1 ∈ Ann(b1R)✱ 1 − x2y2 ∈ Ann(b2R)✳ ▲❡t Ann(b1R) = α1R ❛♥❞

Ann(b2R) = α2R ❢♦r s♦♠❡ α1, α2 ∈ R✳

❙✐♥❝❡ 1 − x1y1 ∈ α1R ❛♥❞ 1 − x2y2 ∈ α2R✱ ✇❡ ❤❛✈❡ x1R + α1R = R ❛♥❞

x2R+α2R = R✳ ❖❜✈✐♦✉s❧②✱ x1R+x2R+α1α2R = R✳ ❙✐♥❝❡ st.r(R) = 2✱ ✇❡ ❤❛✈❡

(x1 + α1α2s)R + (x2 + α1α2t)R = R ❢♦r s♦♠❡ st ∈ R✳ ❙✐♥❝❡ (x1 + α1α2t)b1 =

x1b1+α2tα1b = x1b1 = a1✱ (x2+α1α2s)b2 = x2b2+α1sα2b = x2b2 = a2✳ ❉❡♥♦t❡

x1 + α1α2t = u1✱ x2 + α1α2s = u2✳

❲❡ ♣r♦✈❡❞ u1b1 = a1✱ u2b2 = a2 ❛♥❞ u1R + u2R = R✱ t❤❛t ✐s dim(R) = 1✳

❚❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳

❆ ❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝ r✐♥❣ ✐s ❛♥ ♦❜✈✐♦✉s ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛❧♠♦st ❇❛❡r ❇❡③♦✉t

r✐♥❣ ❬✹❪✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✸ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹ ❆ ❝♦♠♠✉t❛t✐✈❡ ♠♦r♣❤✐❝ r✐♥❣ R ✐s ❛ r✐♥❣ ♦❢ st❛❜❧❡ r❛♥❣❡ ✷ ✐❢ ❛♥❞

♦♥❧② ✐❢ dim(R) = 1✳

❘❡❢❡r❡♥❝❡s

✶✳ ❍✳ ❇❛ss ❑✲t❤❡♦r② ❛♥❞ st❛❜❧❡ ❛❧❣❡❜r❛✳ ■♥st✳ ❍❛✉t❡ss ❊t✉❞❡s ❙❝✐✳ P✉❜❧✳▼❛t❤✳✱ ✶✾✻✹ ✷✷✱ ✺✲✻✵✳
✷✳ ▼✳ ❏✳ ❈❛♥❢❡❧❧ ❯♥✐q✉❡♥❡ss ♦❢ ❣❡♥❡r❛t♦rs ♦❢ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s ✐♥ r✐♥❣s ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✶✾✼✵ ✷✻✱ ✺✶✼✲✺✼✸✳
✸✳ ■✳ ❑❛♣❧❛♥s❦② ❊❧❡♠❡♥t❛r② ❞✐✈✐s✐rs ❛♥❞ ♠♦❞✉❧❡s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✶✾✹✾✱ ✻✻✱ ✹✻✹✕

✹✾✶✳
✹✳ ❲✳❑✳ ◆✐❝❤♦❧s♦♥✱ ❊✳ ❙❛♥❝❤❡③ ❈❛♠♣♦s ❘✐♥❣s ✇✐t❤ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠ t❤❡♦r❡♠✳ ❏✳

❆❧❣❡❜r❛✱ ✷✵✵✹ ✷✼✶✱ ✸✾✶ ✕ ✹✵✻✳
✺✳ ❋✳ ❙✐❞❞✐q✉❡ ❖♥ t✇♦ q✉❡st✐♦♥s ♦❢ ◆✐❝❤♦❧s♦♥✳ ❛r❳✐✈✿ ✶✹✵✷✳✹✼✵✻❱✶ ❬♠❛t❤✳ ❘❆❪ ✶❙ ❋❡❜ ✷✵✶✹✱

✶✲✺✳
✻✳ ❇✳❱✳ ❩❛❜❛✈s❦② ❉✐❛❣♦♥❛❧ r❡❞✉❝t✐♦♥ ♦❢ ♠❛tr✐❝❡s ♦✈❡r r✐♥❣s✳ ▼❛t❤❡♠❛t✐❝❛❧ ❙t✉❞✐❡s✱ ▼♦♥♦✲

❣r❛♣❤ ❙❡r✐❡s✱ ✈✳ ❳❱■✱ ❱◆❚▲ P✉❜❧✐s❤❡rs✱ ✷✵✶✷✱ ✷✺✶✳

❖❦s❛♥❛ P✐❤✉r❛

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱

✶ ❯♥✐✈❡rs②t❡ts❦❛ ❙tr✳✱ ✷✾✵✵✵ ▲✈✐✈

❊✲♠❛✐❧✿ ♣✐❤✉r❛♦❦s❛♥❛❅♠❛✐❧✳r✉



✻✽ P✐❤✉r❛ ❖✳✱ ❩❛❜❛✈s❦② ❇✳

❇♦❤❞❛♥ ❩❛❜❛✈s❦②

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱

✶ ❯♥✐✈❡rs②t❡ts❦❛ ❙tr✳✱ ✷✾✵✵✵ ▲✈✐✈

❊✲♠❛✐❧✿ ③❛❜❛✈s❦✐✐❅❣♠❛✐❧✳❝♦♠


